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Abstract: The paper proposes a class of compressive distributed adaptive ﬁltering algorithms, aiming to estimate unknown
high-dimensional and sparse parameters in sensor networks, based on compressive sensing (CS) method. The algorithms ﬁrst
use compression estimation to obtain the compressed unknown parameters, then apply decompression algorithms to obtain the
desired estimates. In the paper, we focus on compressive distributed least mean square (CDLMS) algorithms and show that
the algorithms can fulﬁl the estimation or tracking tasks under a compressed information condition, which is weaker than the
information condition for distributed LMS algorithm in [1].
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Introduction

One fundamental signal processing problem in sensor
networks is to estimate and track an unknown dynamic process of interest from noisy measurements cooperatively. In
distributed estimation algorithms, each sensor will construct
a local estimate of the unknown parameter based on the
noisy measurements or estimates from its own and other
neighbouring sensors, e.g. [1]-[5], where practical motivations, various implementations and theoretical analysis for
distributed ﬁltering are presented. For big data problems, the
dimensions of the unknown parameters may be incredibly
high, which is difﬁcult to obtain the estimation or tracking
results. In some practical situations like radar systems, multi
propagation, etc., the unknown high-dimensional parameters
can be sparse on some basis, which means that only a few
elements of the parameters are non-zero in the domain.
There are many researches about sparse parameter estimation or tracking problems and one important class
is inﬂuenced by compressive sensing (CS) theory [6][7].
Further, the existing literature can be roughly classiﬁed into
two categories depending on the dimensions considered in
the estimation or tracking process: One is the case where
full dimension is considered. In this scenario, the error
function is regularized by adding another function which
takes into account the sparsity of unknown parameters, for
example, Chen, Gu and Hero proposed a new approach
to adaptive system identiﬁcation when system model is
sparse and applied l1 relaxation in cost function to speed up
convergence and reduce MSE in [8], Lorenzo, Barbarossa
and Sayed established diffusion LMS techniques, which
can exploit sparsity in the model, for distributed estimation
over sensor networks in [9] and so on. Another category
considers the reduced dimension. Bajwa et al. [10] and
Baron et al. [11] both applied compressive sensing in sensor
networks, while the CS techniques are used in the transit
layer. However, Hosseini and Shayesteh [12] proposed a
new method in which they identiﬁed the sparse system in
the compressed domain, which means that the CS method
can be applied in estimation layer, i.e. the proposed
algorithm may estimate the compressed parameter instead
of the original one. In addition, Xu et al. [13] considered
a novel diffusion compressed estimation scheme for sparse
signals in compressed state, which can reduce the bandwidth

and increase the convergence. In our work, we consider
extremely high-dimensional sparse parameters and we also
study the second case.
However, the second category in the literature lacks
theoretical analysis for stability. Both the individual and
distributed compressive algorithms verify the effectiveness
of CS applications in parameter estimation through the
simulation results instead of the theoretical analysis. In
contrast, the results that we are going to present in this paper
will give the stability analysis for the CDLMS algorithms
under a compressed information condition. We should notice
that the stability analysis will be based on the stability results
of [1], in which we have obtained the exponential stability
and upper bound of the tracking error under a weakest
possible information condition without independency and
stationarity considerations. In addition, we will show that
under the compressed information condition, the CDLMS
algorithms can accomplish the estimation task, while the
information condition in [1] may not be satisﬁed so that the
distributed LMS algorithm can not estimate the unknown
high-dimensional sparse parameters.
This work is organized as follows. After introducing the
problem formulation in Section 2, we will present stability
analysis of CDLMS algorithms in Section 3. In Section 4,
we give some simulation results and some conclusions are
made in Section 5.
Notations: In the sequel, Rm×n denotes the set of m × n
matrices and Rm denotes the set of m-dimensional column
vectors. Im denotes an unit diagonal matrix with m rows
and m columns and Om×n denotes a zero matrix with m
rows and n columns. λmax (·) and λmin (·) denote the largest
and the smallest eigenvalues of matrix (·) respectively. The
norm xl0 of vector x ∈ Rm is deﬁned as the number of the
m
non-zero coefﬁcients
m and the norm xl1 of vector x ∈ R
is deﬁned as i=1 |xi |, where xi (i = 1, . . . , m) is the ith
element of x. For any matrix X ∈ Rm×n , its norm is deﬁned
1
as  X = {λmax (XX τ )} 2 and for any random matrix Ak ,
1
its Lp -norm is deﬁned as  Ak Lp = {E  Ak p } p .

2

Problem Formulation

2.1 Overview of Compressive Sensing
Compressive sensing (CS) [6][7][14] is a new type
of sampling theory appeared in the beginning of the
21st century, which predicts that sparse signals can be
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reconstructed from what was previously believed to be
incomplete measurements. CS has attracted considerable
attention in many research areas, e.g., medical imaging [15],
geological exploration [16], image processing [17] and so
on. Compared with Nyqvist sampling theory, CS makes the
additional assumption that signal is sparse or can be sparse
on some orthonormal basis. A vector x ∈ Rm is called ssparse (s << m) if at most s of its coordinates are non-zero.
The vector of observation is a d(s ≤ d << m)-dimensional
vector y deﬁned as
y = M x,
(1)
where M ∈ Rd×m is a measurement matrix and each of its d
rows can be considered as a basic vector, usually orthogonal.
x is thus down sampled to an d-dimensional vector y. The
main goal of CS is to recovery x from y by properly choosing
the measurement matrix M and by properly solving the
reconstruction problem.
The CS theory shows that the restricted isometry property
(RIP) constraint on the measurement matrix M can guarantee the high quality of y [7][18][19]. We recall that if for any
s-sparse signal x ∈ Rm , there exists a constant δs ∈ [0, 1)
such that
(1 − δs )x2 ≤ M x2 ≤ (1 + δs )x2 ,

where C1 and C2 are constants which only depend on sth
RIP constant δs .
Remark 2.1: In fact, [21] gives a simple proof for
Theorem 2.1 and shows the connection between C1 and C2 ,
in which constant C1 should be small enough to ensure
C2 > 0, see Theorem 5.2 in [21] for details. From [21],
we may have C1 = C0 δs2 where C0 is a bounded constant.
Then we can obtain
d = O(s log(m/s)/δs2 ).
with probability not less than 1 − exp(−C2 d).
In order to design a signal reconstruction algorithm to
obtain the sparse solution of (1), it is natural for us to add
the following sparse constraint
min xl0

x∈Rm

s.t. M x = y,

s.t. M x = y,

(4)

(5)

We denote the decoding result as Δ1 (M x) and from [23], we
know that RIP is sufﬁcient to guarantee the high property of
Δ1 (M x). When x is s-sparse, we have the following result.
Theorem 2.2 [14]:√If M ∈ Rd×m satisﬁes 2sth RIP and
RIP constant δ2s ≤ 2 − 1, then for all s-sparse signal x,
(6)

Ni = {l ∈ V|(i, l) ∈ E}.
The Laplacian matrix L of the graph G is deﬁned as L =
D − A [24], where D = diag{d1 , d2 , ......, dn } and di =

n
j=1 aij = 1 , i.e., L = In×n − A. From [24], we
know that the Laplacian matrix L of graph G has at least
one zero eigenvalue, with other eigenvalues positive and not
more than 2. Furthermore, if the graph G is connected, L has
only one zero eigenvalue.
At every time instant k, every sensor i(i = 1, . . . , n) can
take a measurement according to the following time-varying
stochastic linear regression model
yki = (ϕik )τ θk + vki ,

(3)

1 − exp(−C2 d),

min xl1

x∈Rm

2.2 Compressive Distributed LMS Algorithms
In sensor networks, we consider a set of n sensors
and the network connections are usually modeled as a
weighted graph G = (V, E, A) with the set of nodes
V = {1, 2, ......, n}, the set of edges E where (i, j) ∈ E
if and only if node j is a neighbor of node i and the
weighted
n adjacency matrix A = (aij )n×n with 0 ≤ aij ≤
1, j=1 aij = 1, ∀i, j = 1, . . . , n. We assume that the
graph G is undirected, then aij = aji . Node i denotes the ith
sensor and the set of neighbors of sensor i is denoted as

(2)

then the measurement matrix M satisﬁes condition (2) with
probability not less than

P0 :

P1 :

Δ1 (M x) = x.

then the measurement matrix M ∈ Rd×m satisﬁes the sth
order RIP and δs is the sth RIP constant. Some random
matrices, e.g., Gaussian measurements, Bernoulli measurements, Fourier measurements and Incoherent measurements,
can satisfy RIP for any sparse vector with high possibility
[18]. In our work, we employ Gaussian measurements for
our simulations, i.e., the entries of measurement matrix M
are independently sampled from a Gauss distribution with
zero mean and variance 1/d [20]. About random matrices,
we have the following theorem.
Theorem 2.1 [14]: Suppose the measurement matrix M ∈
Rd×m is a Gaussian or Bernoulli random matrix. If
s ≤ C1 d/ log(m/s),

Unfortunately, l0 norm is not convex and the computation of
(4) is N P hard [22]. To overcome the difﬁculty, we consider
another kind of constraint, i.e., the l1 norm

k ≥ 0,

(7)

where yki , vki are scalar observation and scalar noise, ϕik
is the m × 1-dimensional stochastic regressor of sensor i
and θk is an unknown m × 1-dimensional parameter vector
which can be estimated or tracked in real-time through local
interactions between connected sensors. In this paper, we
assume that θk is a sparse vector with s(s << m) non-zero
coefﬁcients and we can denote the iteration of θk as follows
θk = θk−1 + γωk ,

k ≥ 1,

(8)

where γ is a scalar value and ωk is an yet undeﬁned variable
which is the same sparse as θk . When γ = 0, θk is timeinvariant. Otherwise, it is time-varying. In addition, we also
assume that ϕik (i = 1, . . . , n) are s-sparse.
In network systems, if sensor i has access only to the
information from its neighbors {l ∈ Ni }, we can adopt the
following distributed LMS algorithm which is known as the
consensus-type algorithm [25][26]

ϕik
i
i


[y i − (ϕik )τ θki ]
θk+1 = θk + μ
1+  ϕik 2 k

(9)

−ν
ali (θki − θkl ) , k ≥ 0.
l∈Ni
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where μ ∈ (0, 13 ), ν ∈ (0, 1] are adaptation gains and θki is
the estimator of sensor i at time instant k.
The CS method provides a robust framework which can
reduce the dimension of measurements required to estimate
a high-dimensional sparse signal. For this reason, we
adopt CS to the estimation of θk which can reduce the
required bandwidth, accelerate the estimation process and
even improve the tracking performance. At every time
instant k, sensor i(i = 1, . . . , n) ﬁrst observes the m × 1dimensional stochastic regressor ϕik , then with the help of
measurement matrix M ∈ Rd×m , (s ≤ d << m) we can
obtain the compressed d × 1-dimensional regressor ψki =
M ϕik . Instead of estimating m × 1-dimensional parameter
θk , the proposed method estimates the compressed d × 1dimensional parameter ϑk = M θk . Note that ϑk = ϑk−1 +
γ ω̄k , k ≥ 1, where ω̄k = M ωk . Then we have

notations




=
=
=

+
+
+



=

ϑik



Vk = col{vk1 , . . . , vkn }, V̄k = col{v̄k1 , . . . , v̄kn },




Ωk = col{ωk , . . . , ωk }, Ω̄k = col{ω̄k , . . . , ω̄k },
 
 
n

n





Θk = col{θk , . . . , θk }, Θk = col{ϑk , . . . , ϑk },
 
 
n

n



k = col{ϑ1k , . . . , ϑnk },
Θ

Θk = col{ϑ1k , . . . , ϑnk }, where ϑik = ϑik − ϑk ,


ψk1
ψkn

,
,
.
.
.
,
L̄k = diag
1+  ψk1 2
1+  ψkn 2


(ϕik )τ θk − (ψki )τ ϑk + vki
(ϕik )τ [Im − M τ M ]θk + vki
v̄ki , k ≥ 0.

F̄k = L̄k Ψτk , M = diag{M, . . . , M },
 
n

(10)



Ḡk = F̄k + ν(L ⊗ Id ).
By (10), we have

In this case, when we estimate ϑk , we consider the latter two
items (ϕik )τ [Im − M τ M ]θk + vki as a new scalar noise v̄ki .
We can obtain the following CDLMS algorithm
ϑik+1



Φk = diag{ϕ1k , . . . , ϕnk }, Ψk = diag{ψk1 , . . . , ψkn },

yki = (ϕik )τ θk + vki
(ψki )τ ϑk
(ψki )τ ϑk
(ψki )τ ϑk



Yk = col{yk1 , . . . , ykn }, Ȳk = col{ȳk1 , . . . , ȳkn },

Yk = Ψτk Θk + V̄k ,
From (11), we have

k + μL̄k (Yk − Ψτ Θ


k+1 = Θ
Θ
k k ) − μν(L ⊗ Id )Θk , (15)



ψki
+μ
[y i − (ψki )τ ϑik ]
1+  ψki 2 k


−ν
ali (ϑi − ϑl ) , k ≥ 0,
k

where matrix L is the Laplacian matrix of graph G and ⊗ is
k − Θk , we can
the Kronecker Product [27]. Since Θk = Θ
get
k
Θk+1 =Θk − μL̄k Ψτ Θk − μν(L ⊗ Id )Θ

(11)

k

l∈Ni

k

where μ ∈ (0, 13 ), ν ∈ (0, 1] are adaptation gains, ϑik
is the compressed estimator of sensor i at time instant
k by the CDLMS algorithm. After the iteration, each
sensor will employ the reconstruction algorithm to obtain
the decompressed estimator θ̄ki as the ﬁnal estimation of θk .
In practice, we can apply the reconstruction algorithm every
i
i
, θ̄2K
,....
K(K >> 1) iterations to obtain θ̄K
Remark 2.2: For some signal processing problems, e.g.
echo cancellation or adaptive equalizer, we may apply
a modiﬁed measurement function instead of the original
one just like literature [13]. In this situation, the scalar
measurement of sensor i(i = 1, . . . , n) can be modiﬁed and
given by
ȳki = (ψki )τ ϑk + vki = (ϕ̄ik )τ θk + vki ,

(14)

k ≥ 0,

and because (L ⊗ Id )Θk = 0, we have
Θk+1 ={Idn − μ[F̄k + ν(L ⊗ Id )]}Θk
+ μL̄k V̄k − γ Ω̄k+1

(16)

=(Idn − μḠk )Θk + μL̄k V̄k − γ Ω̄k+1 .
So far, we have obtained the compressive distributed LMS
error equation (16). After the estimation iteration, we use the
recovery algorithm to obtain the decompressed parameters


Θ̄k = col{θ̄k1 , . . . , θ̄kn } which will be analyzed in the
following section.
Remark 2.3: For (12) and (13), we have the modiﬁed
compressive distributed LMS error equation
Θk+1 = (Idn − μḠk )Θk + μL̄k Vk − γ Ω̄k+1 .

(12)

(17)

2.3 Some Deﬁnitions
To proceed with further discussions, we need the followi
ing deﬁnitions in [1]. Also, Fk = σ{ϕij , ωj , vj−1
,i =
1, . . . , n, j ≤ k}.

where (ϕ̄ik )τ = (ϕik )τ M τ M ∈ Rm . Then we have the
following modiﬁed CDLMS algorithm


ψki
[ȳ i − (ψki )τ ϑik ]
1+  ψki 2 k


i
l


−ν
ali (ϑk − ϑk ) , k ≥ 0.

+ μL̄k V̄k − γ Ω̄k+1 .

ϑik+1 = ϑik + μ

(13)

l∈Ni

The main difference between (10) and (12) is the noise,
which is v̄ki instead of vki .
For convenience of analysis, we introduce the following

Deﬁnition 2.1 : For a sequence of l × l random matrices
A = {Ak , k ≥ 0}, if it belongs to the following set

k
Sp (λ) = A :
(I − Aj )
≤ N λk−i ,
Lp
j=i+1
 (18)
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∀k ≥ i, ∀i ≥ 0, for some N > 0 ,

{Imn − μḠk , k ≥ 1} is Lp -exponentially stable (p ≥ 1).

then I − A is called Lp -exponentially stable (p ≥ 0) with
parameter λ ∈ [0, 1).



Furthermore, if for some p ≥ 1 and β > 1, σp =
supk ξk log β (e + ξk )Lp < ∞, Θ0 Lp < ∞ hold where
ξk = 3δ2s Φk  · Θk  + Vk  + Ω̄k+1 , then

For convenience of discussions, we introduce the following subclass of S1 (λ) for a scalar sequence a = {ak , k ≥ 0}
0

S (λ) =


a :ak ∈ [0, 1], E

(1 − aj ) ≤ N λ

k−i

j=i+1

,

k→∞



where c is a positive constant.

∀k ≥ i, ∀i ≥ 0, for some N > 0 ,

Proof. By [1] and Condition 3.1, 3.2, we know that {Imn −
μḠk , k ≥ 1} is Lp -exponentially stable (p ≥ 1).
Since ϕik and θk are both s-sparse, we denote the positions
of their non-zero entries as i1 , . . . , is and j1 , . . . , js , respectively. Then we retain all the above 2s entries of ϕik , θk
and the 2s columns of matrix M and we remove all other
entries. Then denote them as ϕik,2s , θk,2s and M2s and since
M satisﬁes 2sth RIP, we know that all the eigenvalues of
τ
M2s
M2s are in set [1 − δ2s , 1 + δ2s ] [14] and

(19)

 
where λ ∈ [0, 1). In addition S 0 = λ∈(0,1) S 0 (λ).
Deﬁnition 2.2 : A random sequence x = {xk } is called an
element of the set Mp (p ≥ 1) , if there exists a constant Cpx
depending only on p and the distribution of {xk } such that
for k ≥ 0,
k+h

i=k+1

1

≤ Cpx h 2 ,

xi

∀h ≥ 1.

(20)

(ϕik )τ [Im − M τ M ]θk 

Lp

τ
=(ϕik,2s )τ [I2s − M2s
M2s ]θk,2s 

Remark 2.4 : It is known that the martingale difference,
zero mean φ- and α-mixing sequences, and the linear process
driven by white noises are all in Mp [28].
Deﬁnition 2.3 : Let {Ak } be a matrix sequence and
bk , ∀k ≥ 0 be a positive scalar sequence. Then by Ak =
O(bk ) we mean that there exists a constant N < ∞ such
that
Ak  ≤ N bk , ∀k ≥ 0.
(21)

3

τ
≤(ϕik,2s )τ [(1 + δ2s )I2s − M2s
M2s ]θk,2s 

+ δ2s (ϕik,2s )τ θk,2s 
1

τ
≤(ϕik,2s )τ [(1 + δ2s )I2s − M2s
M2s ] 2 
1

τ
· [(1 + δ2s )I2s − M2s
M2s ] 2 θk,2s 

+ δ2s (ϕik,2s )τ θk,2s 


τ
≤ (ϕik,2s )τ · 2δ2s · ϕik,2s · θk,2s
· 2δ2s · θk,2s

The Main Results

+ δ2s (ϕik,2s )τ θk,2s 

To proceed with the stability analysis, we need the
following conditions.
Condition 3.1(Connectivity) : The graph G is connected.
Condition 3.2(Compressed Information Condition) :
Let {ψki , Fk , k ≥ 0}(i = 1, . . . , n) be n adapted
sequences and there exists an integer h > 0 such that
{λk , k ≥ 0} ∈ S 0 (λ) for some λ ∈ (0, 1), where λk is
deﬁned by
 
λk = λmin E


c
[σp log(e + σp−1 )],
1 − 2δ2s

lim sup Θ̄k − Θk Lp ≤

k

≤2δ2s ϕik,2s  · θk,2s  + δ2s ϕik,2s  · θk,2s 
=3δ2s ϕik,2s  · θk,2s 
≤3δ2s ϕik  · θk .
Denote V̄k = col{v̄k1 , . . . , v̄kn } = col{(ϕ1k )τ [Im −
M τ M ]θk + vk1 , . . . , (ϕnk )τ [Im − M τ M ]θk + vkn }. Then we
have
V̄k  ≤ 3δ2s Φk  · Θk  + Vk .

n
k+h

 ψji (ψji )τ  
1
Fk .
n(h + 1) i=1
1 + ψji 2

By [1], we know that

j=k+1

(22)
Remark 3.1 : The main difference between Condition 3.2
and the information condition in [1] is that here we use
the compressed regressors ψji instead of the original ones
ϕij . Note that the dimension of ψji is much less than m,
so Condition 3.2 is much easier to be satisﬁed in practical
situations. Obviously, when the original regressors are
high-dimensional and very sparse, the information condition
may not be satisﬁed. In other words, the distributed LMS
algorithm (9) can not fulﬁll the estimation tasks, while
the CDLMS algorithms may stably obtain the compressed
estimation results.
We are in the position to give our ﬁrst main result.
Theorem 3.1: Consider the model (14) and the estimation
error equation (16). Suppose that M√∈ Rd×m satisﬁes 2sth
RIP with the RIP constant δ2s ≤ 2 − 1 and we use l1
norm reconstruction algorithm. Assume that Conditions 3.1
and 3.2 are satisﬁed. Then for any μ ∈ (0, 13 ), ν ∈ (0, 1),

lim sup Θk Lp ≤ c[σp log(e + σp−1 )],
k→∞

holds. Since θ̄ki is s-sparse and by Theorem 2.1, we know
that the recovery process is exact and s-sparse. By RIP
condition, we have
(1 − δ2s )θ̄ki − θk Lp
≤M θ̄ki − M θk Lp
=ϑi − ϑi L ,
k

k

(23)

p

Then we can obtain
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1
 k − Θ k L
lim sup Θ
p
1 − δ2s k→∞
c
≤
[σp log(e + σp−1 )].
1 − δ2s

lim sup Θ̄k − Θk Lp ≤
k→∞

Remark 3.2: From Remark 2.1, we know that
δs2 = O(s log(m/s)/d).
When the order of d is larger than log(m/s), for example
d = O(logα (m/s))(α > 1), we have δs → 0 as m → ∞
with high probability when sparsity s increases slower than
m, e.g. s is a ﬁxed integer. This clearly demonstrates the
meaningfulness of Theorem 3.1.
Remark 3.3: Since the noise is Vk instead of V̄k in (12)
and (13), we have the following similar results for (17).
Theorem 3.2: Consider the model (14) and the estimation
error equation (17). Suppose that √M ∈ Rd×m satisﬁes
2sth RIP, the RIP constant δ2s ≤ 2 − 1 and we use l1
norm reconstruction algorithm. Assume that Conditions 3.1
and 3.2 are satisﬁed. For any μ ∈ (0, 13 ), ν ∈ (0, 1), then
{Imn − μḠk , k ≥ 1} is Lp -exponentially stable (p ≥ 1).




Furthermore, if for some p ≥ 1 and β > 1, σp =


supk ξk log β (e + ξk )Lp < ∞, Θ0 Lp < ∞ hold where

ξk = Vk  + Ω̄k+1 , then
lim sup Θ̄k − Θk Lp ≤
k→∞



c
[σp log(e + σp−1 )],
1 − δ2s

where c is a positive constant.
Like the distributed LMS algorithm in [1], we may add
the following condition to obtain a better upper bound for
estimation Θ̄k − Θk Lp .
Condition 3.3 : For some p ≥ 1, the initial estimation
error is bounded, i.e. Θ0 L2p < ∞. Furthermore, let
{L̄k Vk } ∈ M2p and {Ωk } ∈ M2p .
Corollary 3.1: Consider the model (14) and the estimation
d×m
error equation (17). Suppose that
satisﬁes 2sth
√ M ∈R
RIP, the RIP constant δ2s ≤ 2 − 1 and we use l1 norm
reconstruction algorithm. Assume that Conditions 3.1, 3.2
and 3.3 are all satisﬁed, then the tracking errors {Θ̄k − Θk }
have a upper bound, i.e. for any k ≥ 0 and μ ∈ (0, 13 ), ν ∈
(0, 1), we have


1
γ
√
O
μ+ √ +(1−αμ)k+1 ,
Θ̄k+1 −Θk+1 Lp ≤
1 − δ2s
μ
(24)
where α ∈ (0, 1) is a constant.
Since the proofs of the two results are similar to [1] and
Theorem 3.1, we can omit them here.

4

Simulation Results

We consider a partially connected network with n = 20
sensors and all the sensors will estimate or track an unknown
50-dimensional 3-sparse signal θk and all the coefﬁcients of
θk are zero except the ﬁrst 3 coefﬁcients. Let γ = 0 (when
θk is time-invariant) or γ = 0.1 (when θk is time-varying)
and the ﬁrst 3 coordinates of variation ωk ∼ N (0, 0.1, 3, 1)
(Gaussian distribution) while the rest of its coordinates are
all zero. We also assume that the observation noises {vki , k ≥
1, i = 1, . . . , 20} are temporally and spatially independently
distributed with vki ∼ N (0, 0.1) in (10).
Let the regressors ϕik ∈ R50 (i = 1, . . . , 20) be generated
by the following equation

xik = Ai xik−1 + Bi ξki ,
ϕik = Ci xik ,

where {ξki , k ≥ 1, i = 1, . . . , 20} are temporally and
spatially independently distributed with ξki ∼ U (−1, 1, 3, 1)
(uniform distribution in (−1, 1) with 3 dimensions) and
xik ∈ R50 , Ai ∈ R50×50 , Bi ∈ R50×3 and Ci ∈
R50×50 (i = 1, . . . , 20). In the following simulations, we
compare three different kinds of algorithms to illustrate the
advantage of the CDLMS algorithms, i.e. the individual
LMS algorithm in [29][30][31], distributed LMS algorithm
(9) and compressive distributed LMS algorithm (11).
In this experiment, we choose a special series of Ai , Bi
and Ci in order to satisfy condition 3.2 of this paper and
exclude the information condition in [1]. Let Ai (i =
1, . . . , 20) are all diagonal matrices with the diagonal
elements equal to 1/3 and let
B1 = B3 = B5 = B7 = O50×3 ,

(25)

and other Bi , Ci be sparse enough to ensure the sparsity
3 of regressors. It can be veriﬁed that both of the
information condition in [1] and the individual condition
in [31] are not satisﬁed. However, condition 3.2 in this
paper can be satisﬁed for compressed regressors ψki (i =
τ
1, . . . , 20). Let x10 = · · · = x20
0 = (1, . . . , 1)1×50 and
the ﬁrst s coordinates of variation θ0 ∼ 0.1 ∗ N (0, 1, 3, 1)
(Gaussian distribution with 3 dimensions), while the rest
of its coordinates are all zero. since the sparsity is 3,
d = 10 is enough for compression and decompression
algorithm and we choose θ̂0i = (0.1, . . . , 0.1)τ1×50 (i =
1, . . . , 20), ϑ̂i0 = (0.1, . . . , 0.1)τ1×10 (i = 1, . . . , 20), μ =
0.3, ν = 1. For decompression part, we apply an commonly
used greedy algorithm, i.e., orthogonal matching pursuit
(OMP) algorithm [32][33] to generate the recovery signal
every 100 iterations. [34] extends Theorem 2.1 to OMP
algorithm and has a similar result, i.e., when RIP constant
satisﬁes some constraints, we can recovery sparse signal x
exactly by OMP algorithm.
For the individual LMS algorithm and the distributed
LMS algorithm, we plot the mean estimation or tracking
errors over the sensor network for every 100 iterations, i.e.,
20 100k i
1
2
i=1
j=1 θ̂j − θj  (k = 1, . . . , 20). Then for
2000k
20 100k i
1
the CDLMS algorithm, we plot 2000k
i=1
j=1 θ̄j −
θj 2 (k = 1, . . . , 20). In the upper one of Fig.1, θk
is time-invariant, mean estimation errors of the individual
LMS algorithm and distributed LMS algorithm both keep
large because all the sensors do not satisfy the information
condition in [31] and the whole sensor network can not
satisfy the information condition in [1]. However, mean
estimation errors of the compressive one are smaller than
other two situations. When θk is time-varying, we have the
similar result.

5

Conclusions

In this paper, we have investigated a novel class of
compressive distributed adaptive ﬁltering algorithms and
proved that the CDLMS algorithms can fulﬁl the estimation
task under a compressed information condition, even when
the original information condition can not be satisﬁed.
In other words, when the unknown parameters are highdimensional and sparse, the CDLMS algorithms can fulﬁl
the estimation task while the distributed LMS can not. Of
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Fig. 1: Estimation errors with γ = 0 and tracking errors with γ = 0.1

course, there are still a number of interesting problems for
further research, for example, to give a better performance
analysis of the CDLMS algorithms and to conduct some real
applications of the algorithms.
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