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Abstract—Communication systems introduce uncertainties
that directly impact power system management. Quantitative
analysis of such impact is essential for power system reliability
and resilience. This paper establishes rigorous relationships
between communication packet delivery ratio and errors on
optimal load tracking and allocation (OLTA) in DC microgrids
(MGs). By modeling channel uncertainties using packet delivery
ratio and communication network topologies, impact of communication packet loss on the distributed OLTA algorithm for
DC MGs is studied. It is shown that communication packet loss
directly affects the convergence rate of the distributed OLTA
algorithm under intermittent renewable generations. The results
of this paper quantitatively characterize a practical criterion
for securing reliability of OLTA solutions under communication
uncertainty. Simulation studies using a real-world DC MG are
conducted to validate the theoretical findings.
Keywords. DC microgrids, optimal load tracking and allocation,
reliability, packet delivery ratio, randomly switching network.

I. I NTRODUCTION
YBER-physical power systems naturally integrate communication and control for system coordination and
resilience enhancement. For instance, microgrids (MGs) rely
ubiquitously on communication systems for data exchange [1].
New power system architectures employ communication systems to exchange data, including Wi-Fi and Wi-MAX (IEEE
802.16), cellular (GPRS/UMTS/LTE), WLAN [2]. Customer
premise communications include ZigBee, WiFi (802.11), IEEE
1901/ G.hn/ Home-plug/PRIME PLC, BPL, and wireless.
Reliability of communication systems is essential for power
systems and has drawn increased attention [3]–[5]. In particular, wireless communications inherently encounter random
uncertainties such as channel interruption, packet loss, and
delays [6], creating random link interruption and consequently
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randomly switching communication networks. Such communication uncertainties directly impact many time-sensitive power
system management tasks. This paper focuses on analysis of
such impact on optimal load tracking and allocation (OLTA)
problems under intermittent renewable generations.1
To ensure power system reliability, sensing, management,
and control must be sufficiently fast so that optimal solutions
can be quickly attained after perturbations. Fast convergence
of the power system algorithms, particularly time sensitive
algorithms, is essential for the reliability of the power system.
This paper proves that communication packet loss significantly slows down the convergence of the distributed OLTA
algorithm. In particular, the paper establishes the quantitative
relationship between communication uncertainties and errors
in distributed OLTA for DC MGs.
DC MGs are common and efficient in distribution-level
smart grids. They support renewable generation and electric
vehicle integration and can simplify control design by avoiding unnecessary ac/dc conversions. Many advanced control
methods have been designed for high-performance DC MGs.
Various optimization methods have been employed for DC MG
power management, including primal-dual distributed optimal
control algorithms [7], optimal power sharing strategy with
line resistance [8], distributed optimal control architecture
for multiple dc-dc converters [9], cooperative and distributed
secondary/primary control framework [10]. Reference [11]
proposed a decentralized current-sharing control strategy for
fast transient response. Reference [12] proposed a trust-based
cooperative controller to mitigate adverse effects of attacks on
communication links and controller hijacking, [13] studied the
impact of communication delay on the small-signal stability
of MGs with distributed secondary frequency and voltage control, and [14] considered the asynchronous distributed power
control problem of hybrid MGs. The previous results did
not investigate stochastic communication uncertainties. In our
early work, distributed optimization methods were introduced
with rigorous convergence analysis [15]–[17].
Impact of communications on networked control systems
has been investigated from different perspectives such as noisy
communication channels [18], added constant delays [19],
[20], and event-trigger-based strategies [21]–[23]. Reference
1 Although stochastic communication uncertainties will significantly affect
frequency and voltage regulation, time for contingency clearance, among many
other power efficiency and reliability issues, for concreteness this paper will
treat only OLTA issues.
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[24] modeled communication systems as a time-varying network topology in terms of mobility and established its impact
on the network control quality. In [25], an in-depth study of
coordinated control and communication design was conducted
in which TCP-based communication protocols were employed.
Reference [26] is concentrated on block erasure channels and
[27] established safety distances. Impact of communication
packet delivery ratio on highway platoon performance was
studied in [28].
This paper models the power system communication network by a graph whose topology switches randomly. The
random switching is represented by a sequence of independent
and identically distributed random matrices. This modeling
approach for communication uncertainties has been applied to
diversified application domains such as binary channels [29],
radio communication systems [30], fading channels [31], and
mobile systems [32]. But, its application in power systems is
new.
In our previous work [15]–[17], distributed OLTA algorithms are investigated assuming fixed and connected network
topologies. This paper analyzes the impact of communication
erasure channels on the convergence of distributed OLTA
algorithms. Channel erasure is represented by a binary-valued
random variable such that an erasure becomes a channel
interruption in a given time interval, leading to a randomly
switching network topology. Rigorous stochastic analysis of
the impact of the communication uncertainties on the distributed power management algorithms is relatively an open
field.
The main contributions of this paper are as follows: 1)
Implementing stochastic network models to represent block
erasure channels and communication network dynamics in DC
MGs. 2) Embedding packet delivery ratio and network topology structure into the distributed OLTA algorithms for DC
MGs, laying a foundation for rigorous analysis of integrated
communication and optimization schemes. 3) Quantitatively
characterizing the fundamental relationship between packet
delivery ratios and convergence rates of the distributed OLTA
to develop a practical criterion for securing reliability of load
tracking under communication uncertainties. 4) Showing that
the convergence rates of our algorithms can achieve asymptotically the Cramér-Rao lower bound. This fundamental result
from statistics links the “information contents” of data to the
“best possible” mean-square estimation errors. Consequently,
the impact relationship established in this paper is fundamental
and information-oriented, and can be used as a foundation for
studying optimal resource allocation, reliability analysis, and
other related topics.
The rest of the paper is arranged as follows. Section II
formulates the problem, presents global optimality conditions,
and develops distributed control algorithms for DC MG power
management. Section III introduces stochastic models for
erasure channels in communication systems. Impact of erasure
channels on OLTA is analyzed in Section IV, in which error
bounds, strong convergence, and asymptotic optimality errors
are derived. By establishing convergence rates as functions
of the erasure probabilities, impact of communication erasure
channels is analyzed. Section V presents simulation case

studies to show the impact of erasure channels on power
system reliability. Finally, Section VI concludes the paper with
a summary of the main findings and potential extensions.
II. D ISTRIBUTED O PTIMIZATION FOR DC P OWER
M ANAGEMENT
A. Communication Packet Loss and Power System Reliability
The main question that this paper aims to study is: How
reliable must the communication system be so that distributed
OLTA algorithms can be performed with acceptable accuracy
and reliability? The accuracy of OLTA for DC MGs is defined
according to the error magnitude and duration from the optimal
value.2 Communication systems’ reliability is modeled as reduced packet delivery ratio leading to a stochastic description
of network topologies. Under high communication uncertainties, distributed OLTA algorithms will have fundamentally
slower convergence rates, implying that it will take more steps
to reach a desired accuracy on the OLTA solutions and hence
increase the time for system recovery, which negatively affects
the power system reliability.
It is observed that power system communications have
critical timing specifications. IEEE 1646 standard mandates
maximum time for data transfer. For example, power system
protection messages need to be delivered within 4 milliseconds (ms), and monitoring and control data within 16 ms.
The results of this paper further quantify how probability
of packet delivery should be controlled to meet the system
requirements.3
B. OLTA in DC MGs
We first specify a class of OLTA problems for DC MGs. For
a DC MG with n subsystems that have their own generation
capability and loads, the OLTA aims to find an “optimal” way
to determine the amount of electricity each subsystem should
produce.
The control variables, loads, and network variables can
be current, power, or other meaningful physical variables.
However, for clarity and consistency of presentation, we use
“current” as the typical interpretation. During the kth time
interval, the subsystem i has a controllable current uik that
represents all controllable assets, such as traditional generators, and battery energy storage systems. Likewise, the
stochastic uncertain load current lki represents all assets with
stochastic behavior, such as renewable generators, commercial
and residential loads, charge stations for electric vehicles
(EVs), and/or trolleybuses on feeder lines. The current from
node i to node j is denoted by the network state xij
k with
2 This type of requirements is a commonly used quality metric: For example,
IEEE Standard 1250 − 2018 specifies reliability requirements on voltage
quality. A voltage swell (or sag) occurs when the RMS voltage exceeds (or
falls below) the nominal voltage by 10 − 80% for 0.5 cycle to 1 minute.
Undesirable voltage flicker is the scenario when random variations in the
RMS voltage are within 90 − 110% of the nominal value. More sever voltage
quality deterioration involves “under-voltage” (or “over-voltage”) when the
nominal voltage drops below 90% (or rises above 100%) for more than 1
minute.
3 Communication systems’ bandwidth allocation and transmission power are
commonly used to ensure a required packet delivery ratio.
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ji
xij
k = −xk . The vectors, containing the control, loads, and
network states, will be denoted by u ∈ Rn×1 , ` ∈ Rn×1 ,
and x ∈ Rm×1 , respectively. This paper does not directly
deal with voltage management. However, bus-to-bus voltage
variations are directly related to the link currents that are part
of performance indices. As a result, voltage variations can be
regulated by using higher weights on the link currents 4 . The
network topology will be represented by an undirected graph
G = {V, E}, where V is the set of buses and E is the set of
transmission lines. 5 Here we will use the following separable
and quadratic performance measure

1
min J = f (u, x) = (x> Qx + u> Ru)
2

(1)

with Q ∈ Rm×m and R ∈ Rn×n are diagonal positive definite
matrices. The variables are related by the equality constraints
u = Ax+l where A = [aij ] ∈ Rn×m , see [15] for details. Due
to the physical characteristics of the power system (the power
network is connected), A is full column rank, meaning that
for a given u, the dependent variable x is uniquely generated
by the physical power system.
As a result, x = (A> A)−1 A> (u − l). This is a global
relationship since each ui influences all x. Note that if x
is given, the computation of u is local and can be easily
performed, which is the local Kirchhoff’s current law on the
subsystems. However, given u, computation of x requires
global information since a change on an input current will
affect all network currents. When local input currents are
changed, the physical power system will generate x for any
given u. In other words, if one can measure x, there is no
need to calculate x. This cyber (calculating u) and physical
(measuring x) interaction allows us to develop distributed
algorithms. This important aspect will be illustrated in Section
V.
The mathematics formulation in this paper considers equality constraints. However, typical inequality bounds can be
accommodated. Most common inequality constraints in power
system optimization problems are bounds on control inputs,
loads, and currents on transmission lines. These bounds can
be readily included in our algorithms. We only assume that the
actual optimal solutions are in the interior of the bounding sets,
which simply mean that the normal optimal operation is within
the rated bounds. During algorithm implementation, when a
variable moves outside the bounds, a projection operator can
be applied to force it back into the feasible region. Our results
on convergence, convergence rate, and fundamental impact
of packet delivery ratio remain valid and intact, which will
be illustrated by Example 5.2 in Section V. More general
inequality constraints that involve interconnected coupling
of multiple variables and network dependence are far more
complicated and beyond the scope of this paper.
4 The scope of this paper is on load tracking and allocation in DC MGs.
The reader is referred to [17] for an integrated load distribution and voltage
regulation.
5 Traditional power grids are tree types. Some common DC MGs employ
connected radial systems that do not contain loops. The results of this paper
cover such systems but are not limited to them.

C. Optimality Conditions
Theoretically, the global optimal solution can be obtained
by the Lagrange Multiplier method: For β̃ ∈ Rn×1 ,
1 >
(x Qx + u> Ru) + β̃ > (u − Ax − l)
2

 Qx − A> β̃ = 0;
u − Ax − l = 0;
with the optimality condition

Ru + β̃ = 0.
optimal solution is then
L=

x∗ = −(Q + A> RA)−1 A> Rl, u∗ = Ax∗ + l.

(2)

The

(3)

However, this solution requires global information and is not
feasible in a distributed framework.
D. Distributed Algorithm with Embedded Communication Uncertainty
We first seek distributed optimization
P on x, and then update
u accordingly. From (1) and ui = j∈Ni xij + li ,
J=

1 X ij ij 2 X i X ij
(
q (x ) +
r(
x + li )2 ).
2
(i,j)∈E

i∈V

j∈Ni

Since xij = −xji ,
J ij =


1
(q ij + q ji )(xij )2 + ri (xij + li )2 + rj (−xij + lj )2 ,
2

∂J
ij ij
which implies that δ ij = ∂x
+ cij , with bij =
ij = b x
ij
ji
i
j
ij
i i
j j
q + q + r + r and c = r l − r l . Note that if the load l
is a constant vector, then cij is constant, which is known only
to nodes i and j and can be used by these nodes in a strictly
distributed algorithm.
Following the same order as x, define the vectors δ =
[δ ij ] ∈ Rm×1 and C = [cij ] ∈ Rm×1 , and matrix
B = diag[bij ] ∈ Rm×m . Then, δ = Bx + C. Since
Q > 0 and R > 0 are diagonal, each element of the
matrix B is positive. Thus, B is positive definite. The
communication network is assumed to be identical to G.
However, during implementation, packet loss and channel
interruption may cause the cyber link to be randomly disconnected. This is represented by an indicator function λij
k =

1, if the link (i, j) is connected at step k,
which is a
0, if the link (i, j) is broken at step k,
ij
random variable. Denote λk = diag[λk ] ∈ Rm×m in the same
order as x.
Next, we distinguish the cyber update (calculated value)
from the physical variable x. We use y ij to denote the computed value in the updating algorithm, Algorithm 1. Variable
y = [y ij ] ∈ Rm×1 has the same order as x. The main updating
step in Algorithm 1 uses measured x
bk = xk + dk in the form
yk+1 = yk − µk λk (Bxk + C + Bdk ), where the step size µk
is designed.
The control u is updated from the computed yk by the
distributed relationship uk = Ayk +l. As a result, the updating
algorithm can be represented by the following cyber-physical
interactive steps.
Algorithm 1:
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1) Initial Condition: u0 is selected, and y0 is equal to the
initial measured x
b0 .
2) From uk at step k, the control and state are updated by
xk = (A> A)−1 A> (uk − l), x
bk = xk + dk
yk+1 = yk − µk λk (Bb
xk + C), uk+1 = Ayk+1 + l,
where xk , x
bk , yk+1 , and uk+1 are the physical implementation, distributed measurement, distributed cyber
update, and distributed control update, respectively.
According to Algorithm 1, yk+1 = (A> A)−1 A> (uk+1 −l).
Without noise or error in communication, xk+1 = yk+1 . While
the updating algorithm is strictly distributed, for convergence
analysis, we use a more generic expression
xk+1 =(I − µk λk B)xk − µk λk C − µk λk Bdk .
During real-time implementation of Algorithm 1, if the link
(i, j) is broken at step k, the corresponding variables will not
be updated. This is equivalent to using the modified (random)
gradient λij δ ij , or in the compact form λδ for the entire
system.
Define M (λk ) = λk B ∈ Rm×m , P (λk ) = λk C ∈ Rm×1 .
Then,
xk+1 = (I − µk M (λk ))xk − µk P (λk ) − µk M (λk )dk . (4)
Convergence analysis is carried out on (4). Note that (4) contains two stochastic processes, i.e., the noise dk and network
topology switching process λk .
The optimal solution x∗ satisfies
M (λk )x∗ + P (λk ) = λk Bx∗ + λk C = 0

(5)

for all k. Define the optimality error x
ek = xk − x∗ . Then by
(4) and (5), we can show that
x
ek+1 = (I − µk M (λk ))e
xk − µk M (λk )dk .

(6)

From (4) and (6), one can see that
u
ek = uk − u∗ = Ae
xk ,

(7)

which means that the convergence of xk implies the convergence of uk . Thus, the convergence analysis of xk is our main
focus.
III. C OMMUNICATION B LOCK E RASURE C HANNELS
Consider a DC MG supported by a wireless network.
In Algorithm 1, data exchange among subsystems relies on
communication channels. Within a decision time interval, an
erasure channel can either deliver the data packet or lose it
[28]. The loss of a packet may be caused by erasure of one or
multiple bits within the packet during transmission [6], [33].
During data transmission in the kth time interval, the source
generates a data block, which will be coded and transmitted
to the receiver. Due to channel uncertainties, the received
codeword is subject to possible erasure of bits. After decoding
and error correction, the receiver either acknowledges receipt
of the data, or indicates a packet erasure. Data re-sending is
permitted only within the decision time interval. Probability
of successful packet delivery is defined as the packet delivery
ratio.

We assume that packet loss from all channels is mutually
independent, and each channel’s packet loss is an independent
and identically distributed (i.i.d) sequence of random variables
with probability pk to be linked and 1−pk to be disconnected.6
Applying this scenario to all channels, we have a randomly
switching network topology such that the probability for
each topology is generated from individual link connection
probabilities. As a result, all related matrices in the distributed
power management algorithms are random.
When block erasure channels are mutually independent, λij
k
is an independent random variable. Suppose λij
k is stationary
ij
and its packet delivery probability is P {λij
k = 1} = p .
Let IS be the indicator function of the event S. For a given
cyber network configuration λk = diag[λij
k ], its probability
of occurrence can be derived from channel packet delivery
probabilities:

Y
pλk =
Iλij pij + (1 − Iλij )(1 − pij ) .
(8)
k

k

(i,j)

IV. M AIN P ROPERTIES
In this section, we establish convergence and rate of convergence of Algorithm 1. Let the set of possible network
configurations be Λ. Since (4) is a stochastic approximation
procedure, we can use the general framework in Kushner
and Yin [35] to analyze its asymptotic properties. Recall
that A ∈ Rn×m , B ∈ Rm×m , λk ∈ Rm×m , and for each
λ ∈ Rm×m , M (λ) ∈ Rm×m , and P (λ) ∈ Rm×1 .
Assumption 4.1: (a) G is connected.7 (b) The noise {dk ∈
m×1
R
} is a sequence of i.i.d. random variables such that
m×m
E[d1 ] = 0m×1 and E[d1 d>
, where Σd is
1 ] = Σd ∈ R
symmetric and positive definite. (c) {λk ∈ Rm×1 } is i.i.d. with
m×m
.
mean λ ∈ Rm×m and covariance E[λ1 λ>
1 ] = Σλ ∈ R
Both the mean and covariance are positive definite.
Note that the observation noises (from measurements, or
computation, or communications) are stochastic, but their
statistical coefficients are known, including their means and
variances. When an observation error has non-zero mean, it
is a measurement bias that will naturally introduce a bias on
optimal solutions. However, this bias can be easily corrected:
Since we know the mean µ, a simple subtraction of µ from
the observation data will lead to a modified observation
error sequence whose mean is then zero. Such transformation
techniques are widely used in control systems and related
fields. In practice, even when the mean is unknown, estimation
algorithms can be added, leading to adaptive optimization
algorithms. The topic of adaptation is beyond the scope of
this paper and will not be further discussed.
A. Optimality Error Bounds
Define M = E[M (λ1 )] = E[λ1 ]B = λB ∈ Rm×m , P =
E[P (λ1 )] = E[λ1 ]C = λC ∈ Rm×1 . Since both B and λ
6 Probabilistic models for erasure channels can be derived from channels’
signal-to-noise ratio (SNR). In a VANET framework under low density paritycheck (LDPC) convolutional coding [34], such models were derived in [25].
7 Recall that an undirected graph is called connected if there is a path from
each node in the graph to every other node.
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are diagonal and positive definite, the following results can be
obtained.
Proposition 4.1: Under Assumption 4.1, the matrix M is
positive definite.
Since λk and dk are independent, and E[dk ] = 0m×1 , the
mean ηk = E[e
xk ] satisfies ηk+1 = (I − µk M )ηk . Also, M
is positive definite, if the step size is a constant µk = µ and
sufficiently small, γ = kI − µM k < 1. This implies that
|ηk | ≤ γ k |η0 | which converges to 0 exponentially.
For any deterministic matrix X ∈ Rs×t , the Euclidean norm
1
is defined as kXk = (λmax (XX > )) 2 , and for any random
1
matrix A, its norm is defined as kAk = {E[kAk2 ]} 2 .
Theorem 4.1: Suppose that µk = µ. Under Assumption 4.1,
for all k > 0, there exists a constant µ∗ = 1/λmax {B} > 0,
for any µ ∈ (0, µ∗ ),
√
(9)
ke
xk k ≤ (1 − µc)k ke
x0 k + N µ,
where c ∈ (0, 1) and N > 0 are two constants which are
defined in the proof.
Proof: Recall that M (λk ) = λk B. For any µ ∈ (0, µ∗ ),
0 ≤ µM (λk ) < I holds. Since M is positive definite, we
know by Theorem 2.1 in [36] that for any k ≥ i ≥ 0,
k
Y

(I − µM (λj )) ≤ (1 − µc)k−i ,

(10)

j=i+1
∗

where c = 1 − (1 − µ∗ λmin {M })1/64µ ∈ (0, 1). Using (6), (10), and Assumption 4.1, by [37], we can obtain
√
k+1
that ke
xk+1 k ≤ (1 − µc)
ke
x0 k + N µ, where N =
√
1
supk kdk k(maxk≥0 {e−ck k} + c2 e−2c (1−e
−c ) ) > 0. This
completes the proof.
Theorem 4.1 establishes a range of step size choices that
ensures the convergence of the OTLA algorithm. This is an
important foundation for the theme of this paper since only
within this range, the step size becomes a feasible design
parameter.
Denote the mean-square error of x
ek as Σxe,k = E[e
xk x
e>
k ],
and Σxe = limk→∞ Σxe,k , when the limits exist.
Theorem 4.2: Under Assumption 4.1, for all k ≥ 1, there
exists a constant µ∗ > 0 such that for any µ ∈ (0, µ∗ ),
1) The error variance
Σxe,k+1 =(I − µM )k+1 Σxe,0 (I − µM )k+1
+µ2

k
X
(I − µM )` M Σd M (I − µM )` .

(11)

`=0

2) Σxe is the solution to the Lyapunov equation (I −
µM )Σxe(I − µM ) − Σxe = −µ2 M Σd M , or explicitly
Σxe = µ2

∞
X
(I − µM )` M Σd M (I − µM )` .

(12)

`=0

Proof: 1) By (6) and Assumption 4.1, because Σxe,k+1 =
E[e
xk+1 x
e>
k+1 ],
Σxe,k+1 = (I − µM )Σxe,k (I − µM ) + µ2 M Σd M
= (I − µM )k+1 Σxe,0 (I − µM )k+1
k
X
+µ2
(I − µM )` M Σd M (I − µM )` .
`=0

2) By (11) and Assumption 4.1, I − µM is stable, and
Σxe = lim Σxe,k = µ2
k→∞

∞
X
(I − µM )` M Σd M (I − µM )` .
`=0

P∞
Then (I−µM )Σxe(I−µM ) = µ2 `=1 (I−µM )` M Σd M (I−
`
2
µM ) = Σxe − µ M Σd M . The desired result thus follows.
Theorem 4.2 establishes the concrete, explicit, and accurate
expression of the mean-square error on the optimal solution
of the OTLA algorithm, that results from uncertainties in the
communication system. Consequently, it represents the fundamental impact of packet delivery ratio and step size selection
on obtaining the optimal solution. Since kI − µM̄ k < 1 and
0 ≤ µM (λk ) < I, the summation in (12) with ` from 0 to
infinity is convergent to a finite limit. This value is actually
the solution to the corresponding continuous-time Lyapunov
equation8 .
B. Convergence and Convergence Rate
For practical applications, strong convergence (also called
convergence with probability one (w.p.1)) is important since
it ensures that almost all sample paths will be convergent.
To achieve strong convergence, the step size must be chosen
carefully.
Assumption 4.2: The step size satisfiesP
the following conditions: µk ≥ 0, µk → 0 as k → ∞, and k µk = ∞.
The limit ODE (ordinary differential equation) is ẋ =
−M x + P , whose equilibrium point is precisely the optimal
−1
solution x∗ = M P . Using theP
ODE method in stochastic
k−1
approximation [35], define tk = j=0 µj , $(t) = max{k :
tk ≤ t}, the piecewise constant interpolation x0 (t) = xk for
t ∈ [tk , tk+1 ), and the shift sequence xk (t) = x0 (t + tk ). By
Gronwall’s inequality9 and a standard argument, we can establish the following assertion: Under (A1), for any 0 < T < ∞,
supk E[|xk |2 ] ≤ K and sup0≤t≤T E[|xk (t)|2 ] ≤ K, for some
K > 0. Thus, the following results can be obtained.
Theorem 4.3: Under Assumptions 4.1 and 4.2, Algorithm 1
converges to the optimal solution w.p.1.
While the actual proof of Theorem 4.3 will be skipped, the
main ideas can be summarized as follows. If the step sizes
are selected according to Assumption 4.2, the interpolated
sequence {xk (·)} is uniformly bounded and equicontinuous.10
By Ascoli-Arzéla’s theorem,11 we can extract a subsequence
{xk` (·)}, which converges to x(·) on any compact intervals
w.p.1 such that x(·) is a solution. The ODE has a unique
P∞
k
k
P =
k=0 A QA , where A is symmetric and a contraction,
then AP A − P = −Q is the Lyapunov equation. This is a set of linear
equations and can be solved exactly, for example, by the Matlab function
P = dlyap(A, Q).
9 A simplified version of Gronwall’s inequality states that if for some β > 0,
ẋ(t) ≤ βx(t), then u(t) ≤ u(0)eβt . This is used to derive a bound on the
growth rate of the function from its derivative bound.
10 Equicontinuous functions are continuous and have equal variation over a
given neighborhood. This property is important for Algorithm 1 to converge
to the optimal solution and is guaranteed if the step size is selected properly as
in Assumption 4.2. In practice, a relatively small and constant step size may
be selected to achieve a near-optimal solution in power system applications.
11 This theorem provides conditions under which a sequence of a given
family of real-valued continuous functions defined on a closed and bounded
interval will contain a uniformly convergent subsequence, see [38].
8 If
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equilibrium point, which is the optimal solution. Now, by
using the Lyapunov method, the equilibrium point x∗ is an
asymptotically stable point, since −M is stable by Proposition
4.1. This theoretical result leads to the desired property for
Algorithm 1.
Corollary 4.1: Under the conditions of Theorem 4.3, the
iterates {xk } generated by the OTLA algorithm (4) converge
to the optimal solution xk → x∗ w.p.1 as k → ∞.
For simplicity, we omit the verbatim proof and refer the
reader to [35, Chapters 5 and 6].
Next, we demonstrate the convergence rate of the OTLA
√
algorithm. Define vk = (xk − x∗ )/ µk , which takes a
continuous-time interpolation as v 0 (t) = vk for t ∈ [tk , tk+1 ),
and define v k (t) = v 0 (t + tk ). As in [35, Chapter 10],
we can show that v k (·) converges weakly to v(·) such
that v(·) is a solution of an appropriate stochastic differ√
ential equation. The scaling factor µk together with the
asymptotic covariance gives the desired rate of convergence.
ThePstandard central limit theorem argument yields that
κ+k−1
√1
M (λj )dj converges weakly to N (0, Σ), where
j=κ
k
N (0, Σ) is a normal random variable whose variance is given
>
>
by Σ = E[M (λ1 )d1 d>
1 M (λ1 )] = E[M (λ1 )Σd M (λ1 )] ∈
m×m
R
.
C. Impact of Packet Delivery Ratio on Convergence Rate
Before we establish the convergence rate of Algorithm 1,
we recall that the word “convergence rate” is the property of
how fast the sequence xk and uk moves toward the optimal
solution. A typical form of the convergence rate is kxk −
x∗ k ≤ kcp . Therefore, smaller c and larger p are desirable. If
convergence becomes faster, it takes less time to return to the
desired range of optimal point. Thus, the power system can
recover faster after a disturbance.
Now, we show how the packet loss ratio will affect convergence rate of Algorithm 1. We first emphasize that under
the given observation noise and packet delivery ratio, there
is a fundamental lower bound on the achievable convergence
rate of Algorithm 1, called the Cramér-Rao (CR) bound [39],
which is the lower bound on the variance of unbiased estimators of a fixed and unknown parameter given the observation
data points. It is the reciprocal of the Fisher information.
The Fisher information is calculated from the variance of the
natural logarithm of the likelihood function. Any algorithm
that can achieve the CR bound is the “fastest” algorithm. To
achieve the CR bound, we derive an improved algorithm that
provides the “optimal” convergence rate in the sense of the
CR bound. This is done by using iterate averaging to build a
revised algorithm. For simplicity, we take µk = 1/k γ , where
(1/2) < γ < 1. Then,
xk+1 = xk −

1
(M (λk )xk + P (λk ) + M (λk )dk ),
kγ

(13)

Pk−1
and xk =
j=0 xj /k. Thus, the following results can be
obtained:
√
Theorem 4.4: k(xk − x∗ ) converges weakly to a normal
random variable with mean 0 and asymptotic covariance Σ∗ =
−1
−1
M ΣM .

While we omit the proof for simplicity 12 , we point out that
the interpretation is that xk − x∗ is asymptotically normal
(Gaussian distributed) with covariance Σ∗ /k (or in short,
xk −x∗ ∼ N (0, Σ∗ /k)). For (13), references [40]–[42] showed
that x̄k will converge to its limit at a convergence rate that
approaches asymptotically the corresponding CR lower bound.
This implies that the improved algorithm can achieve the
CR bound asymptotically. In this sense, Σ∗ is the “smallest”
covariance possible.
The asymptotic covariance is a common error measure and
a main performance indicator for the convergence rate (meansquare convergence). Hence, it is a measure of reliability for
DC MGs against communication uncertainties. Note that this
is a general performance indicator, not limited to distributed
algorithms. As a result, we use the error covariance matrix
Σ∗ to evaluate how fast convergence to the optimal solution
can be achieved and how the convergence rate depends on the
packet delivery ratio.
For simplification, here we use a single packet delivery ratio
ρ for all channels. This simplification allows us to graphically
illustrate the relationship between ρ and the corresponding
Cramér-Rao lower bound. As a result, Theorem 4.4 can be
better understood. However, the results of this paper can be
easily extended to the case when each channel has a distinct
packet delivery ratio.
Theorem 4.5: Under Assumption 4.1, if all links have a
uniform packet delivery probability ρ (probability 1 − ρ for
erasure), then Σ∗ = ρ1 Σd .
Proof: Under the hypothesis, the covariance matrix Σ∗ =
−1
−1
M ΣM
is specified to M = E[M (λ1 )] = E[λ1 B] =
ρB, and Σ = E[M (λ1 )Σd M > (λ1 )] = E[λ1 BΣd Bλ1 ] =
ρBΣd B, leading to Σ∗ = ρ1 Σd .
From the explicit formula Σ∗ , it can be observed that the
higher the packet delivery ratio ρ is, the smaller Σ∗ is and in
turn the faster the convergence becomes. Consequently, this
relationship explicitly links the communication reliability to
the accuracy of OLTA in DC MGs. Examples will be given
in the next section to illustrate the theoretical findings.
Note that the main goal of this paper is to establish the quantitative and fundamental relationship between communication
packet loss and optimization, rather than an intuitive or qualitative trend. This relationship will become a foundation for
resource allocation (on communication systems) and reliability
assessment (on power systems). To obtain this fundamental
relationship, we must first establish the “best possible” convergence rate over “all possible algorithms”. This is achieved
by introducing an algorithm that can achieve asymptotically
the Cramér-Rao lower bound. This fundamental result from
statistics links the “information contents” of data to the “best
possible” mean-square estimation error. Since our algorithm
can achieve this bound asymptotically, the impact relationship
established in this paper is fundamental and informationoriented: Packet loss reduces information contents in data,
and its impact on optimization is accurately characterized by
the convergence rate (mean-square error sequence) toward the
optimal solution.
12 We

refer the reader to Chapter 11 of [35] for mathematical details.
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In this section, we illustrate how the packet delivery ratio
impacts the convergence rate of the OLTA algorithm in DC
MGs. The convergence rate directly affects the reliability
and resilience of the DC MGs in load tracking and power
balancing, as discussed in Section II.
Example 5.1: Consider a DC MG with four nodes, shown
in Fig. 1. The nodes have the generation capacities γ =
[γ 1 , γ 2 , γ 3 , γ 4 ]> . Suppose that the total load is L. The OLTA
can be formulated as a weighted consensus problem, in
which the optimal solution is obtained when the incremental
costs of the generators are equal. Theoretically, this can
be formulated as: For a given total load L, node i should
2
3
4
1
contribute ui , i = 1, . . . , 4, satisfying uγ 1 = uγ 2 = uγ 3 = uγ 4
P4
i
>
and
i=1 u = L. For this example, γ = [12, 15, 20, 28]
kA and the total load is L = 53.9 kA. The initial power
dispatch is x0 = [12, 14, 10.9, 17]> kA, which is not optimal. The grid is interconnected by a topology with 3 links
G = {(1, 2), (2, 3), (3, 4)}.

algorithm for the four node system increases. To relate this to
power system reliability, suppose that each iteration takes τ ms
(milliseconds), which includes channel connection overhead,
transmission, measurement time, and data processing delays.
The slower the convergence rate, the more steps it takes for the
OTLA algorithm to reach to the optimal solution. This implies
that it takes longer time to recover from a disturbance or
contingency, leading to a detrimental impact on the efficiency
and reliability of power systems.
Power Dispatch Error Trajectories
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0.3

Error Norms
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Fig. 3 Impact of different packet delivery ratio: 0.65, 0.8, and 0.95

To achieve 0.025 per unit (p.u.) error threshold, Table I
lists convergence time for different packet delivery ratios. Apparently, improving packet delivery ratio can directly increase
the power system reliability. This implies a desirable approach
of control-communication co-design in which distributed optimization algorithms and communication resource allocation
(such as transmission power) must be coordinated.

Fig. 1 The topology of the DC MG with four nodes.

Weighted Power

Real Power (MW)

During algorithm implementation, all observed variables are
subject to random additive noises. Noises are independent and
identically distributed Gaussian random variables with mean
0 and variance 0.2. Fig. 2 shows trajectories of nodal power
productions, weighted powers, and power dispatching errors,
when all links have the packet delivery ratio 0.9.
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Fig. 2 Generation Power Trajectories

To further understand the impact of the packet delivery ratio
on convergence rates, Fig. 3 compares error trajectories under
three different scenarios. As shown in Fig. 3, by increasing
the packet delivery ratio, the convergence rate of the OTLA

TABLE I Convergence under Different Packet Delivery Ratios.
Packet Delivery Ratio
0.65
0.8
0.95

Iteration Number
140
125
78

Time
1.4 s
1.25 s
0.78 s

Example 5.2: The “Junbaose” district in the Beijing DualSource Trolleybus System is selected for this case study. The
DC MG in the Beijing Dual-Source Trolleybus System is
shown in Fig. 4. Certain details of the DC MG were presented
in [15] and are summarized here for self-containment and
clarification. The dual-source trolleybuses can be driven by
electricity from either the power lines or on-board batteries.
When the duration of over-current in one feeder is more than
the set value, the protection circuit would trip, and the dualsource trolleybuses would have to drive by battery until the
over-load contingency is cleared. There are 130 km supply
lines, which are divided into 75 km segments and powered
by the feeders. The trolleybuses pass between segments by
using on-board battery power. 4 − 8 power segments are
connected to a power station. The feeder is about 2 km.
Note that a segment can be represented abstractly as a node,
although the internal structure, circuits, protection system,
and load condition can be highly complex. Segments can
exchange electricity and form a connected network, as shown
in Fig. 4. Each segment controls its AC/DC converter by using
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Fig. 4 Diagram of a new trolleybus power supply network [15]

The Junbaose power supply contains 6 feeders with the
topology shown in Fig. 5. Its communication network is
identical to the physical network. We assume that all lines
are operated within the physical limit of 1100 A. Also, the
load conditions and system parameters are obtained from
the physical system measurements, see [15], [16] for system
details.

Fig. 5 The DC power network of the Junbaose trolley bus system.

The resistance of the power lines is 0.2 (Ω) per kilometer.
Thus, the resistance of the power network is calculated and
shown in Table II [15]. This leads to the power loss weighting
matrix Q = diag{0.4, 0.38, 0.34, 0.31, 0.36}.
TABLE II
Link Resistance of Junbaose Trolleybus Network.
Link Number
Link Length (km)
Line Resistance (Ω)

(1,2)
2
0.4

(2,3)
1.9
0.38

(2,4)
1.7
0.34

(4,5)
1.55
0.31

(5,6)
1.8
0.36

The network has a communication network, which follows
the power grid topology. Thus, u = [I 1 , I 2 , I 3 , I 4 , I 5 , I 6 ]> ,
x = [I 12 , I 23 , I 24 , I 45 , I 56 ]> , and ` = [`1 , `2 , `3 , `4 , `5 , `6 ]
with A = [1 0 0 0 0; −1 1 1 0 0; 0 −1 0 0 0; 0 0 −1 1 0; 0 0 0 −
1 1; 0 0 0 0 − 1]. Then, u = Ax + ` holds. Here, we assume
that the initial currents of feeder lines are I01 = 713A, I02 =

811A, I03 = 960A, I04 = 844A, I05 = 887A, I06 = 823A and
the loads on the segments are `1 = 681A, `2 = 783A, `3 =
1009A, `4 = 842A, `5 = 921A, `6 = 803A.
The OLTA algorithm has two objectives: 1) Balancing the
¯ i = 1, . . . , 6, where I¯ =
feeder
currents, namely Iki → I,
P6
i
0 /6; 2) Reducing the power losses (or transmission
i=1 IP
5
costs) ij (I ij )2 Qij = x> Qx. Note that the first criterion is
to avoid over-load by optimally allocating loads to different
segments.
Thus, the performance index is given as follows:


1 >
¯ > (u − Iz)
¯
x Qx + (u − Iz)
,
min J =
x,u
2
s.t. u = Ax + `,
(14)
where z is a column vector of all 1’s. The optimal solution is
x∗ = −(Q + A> A)−1 A> ` and u∗ = Ax∗ + `.
We assume that the link observation noise is a sequence of
i.i.d. Gaussian random variables with mean zero and variance
6. 13 We also assume that at each time instant k, the currents
of feeder lines should be in the range of [0A, 900A], which
are bounding constraints for the optimization problem. Here,
we add projection operators to uik : If uik is out of the required
range, we will project it slightly inside the bound. The trajectories for u3k with and without projection operators are given and
compared in Fig. 6, where there is no packet loss. It illustrates
that the projection operators have been activated during the
beginning of the iteration steps. Apparently our algorithms still
converge to the optimal values under bounding constraints.
Fig. 6 also shows that the inequality constraints may slow
down the convergence rate. In other words, at each iteration if
u3k is out of the range [0A, 900A], it will be projected inside
the bound to ensure that the inequality constraint is satisfied.
Thus, it takes more iterations to converge. It is shown in Fig. 6
that the trajectory without the inequality constraint converges
within 30 iterations, while the trajectory with the inequality
constraint needs at least 50 iterations to converge.
Moreover, the error trajectories of kuk − u∗ k are shown
in Fig. 7 under four different packet delivery ratios: 0.4, 0.6,
0.8, 1. Therefore, by increasing the packet delivery ratio, the
OTLA algorithm converges faster.
Current Trajectory of Feeder Line 3
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980
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the PWM-based power electronic control system. Over-load
situations can be mitigated by using the OLTA algorithm, so
that the power supply network can serve as many trolleybuses
as possible.
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Fig. 6 Current trajectory of feeder line 3 with and without projection operators

13 This is an estimate on the variations on combined measurement and
communication errors on signals.
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Fig. 7 Error trajectories with different packet delivery ratios

VI. C ONCLUSIONS
Modern DC MGs increasingly rely on wireless communication systems for data exchange. Rigorous analysis of the
impact of communication systems on DC MGs is essential
for their efficient and reliable operation. To facilitate such
analysis, the common erasure channels in communication systems are modeled by using probabilistic descriptions of packet
delivery ratio. The proposed channel model is congregated
to derive a stochastic description of the information network
topology in DC MGs. Stochastic approximation methods are
used for the convergence analysis of distributed OLTA algorithms in DC MGs. By embedding the information network
switching model into the OLTA algorithm and performing
stochastic analysis, one can establish a rigorous relationship
between the packet delivery ratio of communication erasure
channels, algorithm convergence rate, and accuracy of OLTA
solutions. In other words, increased packet delivery ratio can
reduce communication latency, which in turn can reduce the
solution error and accelerate the convergence rate of the OLTA
algorithm. Consequently, this increases the reliability of DC
MGs.
There are several potential future directions for extending
the results. For instance, more complicated communication
channel models can be considered, such as Markov chains.
Also, the methods can be extended to AC power systems and
other power system algorithms such as frequency regulation
and automatic demand management. Furthermore, integration
with vehicle control systems will lead to more comprehensive
integrated grid-vehicle management systems.
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